The hydrodynamic resistance matrix is an important quantity for describing the dynamics of colloidal particles. This matrix encodes the shape-and size-dependent hydrodynamic properties of a particle suspended in a simple liquid at low Reynolds number and determines the particle's diffusion tensor. For this reason, the hydrodynamic resistance matrix is typically needed when modeling the motion of free purely Brownian, externally driven, or self-propelled colloidal particles or the behavior of dilute suspensions of such particles on the basis of Langevin equations, Smoluchowski equations, classical dynamical density functional theory, or other appropriate methods. So far, however, the hydrodynamic resistance matrix was available only for a few particle shapes. In this article, we therefore present the hydrodynamic resistance matrices for various particle shapes that are relevant for current research, including apolar and polar as well as convex and partially concave shapes. The elements of the hydrodynamic resistance matrices are given as functions of shape parameters like the aspect ratio of the corresponding particle so that the results apply not only to discrete but instead to continuous sets of particle shapes. This work shall stimulate and support future studies on colloidal particles with anisometric shapes.
The hydrodynamic resistance matrix is an important quantity for describing the dynamics of colloidal particles. This matrix encodes the shape-and size-dependent hydrodynamic properties of a particle suspended in a simple liquid at low Reynolds number and determines the particle's diffusion tensor. For this reason, the hydrodynamic resistance matrix is typically needed when modeling the motion of free purely Brownian, externally driven, or self-propelled colloidal particles or the behavior of dilute suspensions of such particles on the basis of Langevin equations, Smoluchowski equations, classical dynamical density functional theory, or other appropriate methods. So far, however, the hydrodynamic resistance matrix was available only for a few particle shapes. In this article, we therefore present the hydrodynamic resistance matrices for various particle shapes that are relevant for current research, including apolar and polar as well as convex and partially concave shapes. The elements of the hydrodynamic resistance matrices are given as functions of shape parameters like the aspect ratio of the corresponding particle so that the results apply not only to discrete but instead to continuous sets of particle shapes. This work shall stimulate and support future studies on colloidal particles with anisometric shapes.
I. INTRODUCTION
During the last three decades an enhanced interest in anisometric colloidal particles has led to large progress in the synthesis of particles with predefined shapes.
1-6
When describing the dynamics of a rigid colloidal particle in a simple liquid at low Reynolds number theoretically, the particle's hydrodynamic resistance matrix 7, 8 (also called "hydrodynamic friction tensor" 9 ) is the main quantity that is needed as input. It depends only on the shape and size of the particle and -for a given dynamic viscosity of the liquid -determines the translational and rotational hydrodynamic drag that acts on the particle when it moves relative to the liquid.
Through a generalized Stokes-Einstein relation, the hydrodynamic resistance matrix provides the diffusion tensor of a colloidal particle. This matrix is therefore highly relevant even when the Brownian motion of a free particle shall be described. Likewise, it is needed for specifying the Langevin equations of colloidal particles driven by external forces or torques, which allow, e.g., to calculate the velocity of a sedimenting particle, as well as of selfpropelled (also called "active"
10 ) colloidal particles.
11-14
Also when applying Smoluchowski equations for the dynamics of an individual particle or of a dilute suspension of colloidal particles, 15 the hydrodynamic resistance matrix is a necessary input quantity. Furthermore, this matrix is important in the context of classical dynamical density functional theory for colloidal particles with anisometric shapes. 16 While the size-dependence of the hydrodynamic resistance matrix is given by a simple scaling law (see below), the shape-dependence is highly nontrivial. This complicates the determination of the hydrodynamic resistance matrix for a particular particle shape. The hydrodynamic resistance matrix is analytically known for spheres and spheroids. 17, 18 For a few other particle shapes like cylinders and dumbbells, 8 at least approximate analytical expressions are available. A method that allows to derive analytical approximations for the hydrodynamic resistance matrix of a slender particle is slenderbody theory. 19 Examples of its typical applications are nanotubes, 20 nanowires, 21 slender kinked particles, 22 and fibers.
23,24
A numerical calculation of the hydrodynamic resistance matrix for a specific particle shape is in general possible, but it can be computationally very expensive. This applies especially to the straightforward route via numerically solving the Stokes equation that describes the flow and pressure fields around the considered particle when it moves through an unbounded liquid at low Reynolds number. 8 Much faster, but usually not exact, are bead-model-based calculations [25] [26] [27] [28] [29] [30] as implemented in the program suite HYDRO. [26] [27] [28] The main idea of such calculations is to represent the prescribed particle shape by a set of spheres and to calculate the pairwise hydrodynamic interactions between the spheres (i.e., the "beads") analytically. This method is very useful for particles such as molecules consisting of nonoverlapping spheres, where it can provide exact results for the hydrodynamic resistance matrix. Currently, numerical results for the hydrodynamic resistance matrix or at least a few of its elements are known for only some particle shapes. These include cylinders, 26, 28, 33, [38] [39] [40] [41] Besides direct numerical calculations, experimental data from observing and analyzing a particle's orientation-resolved trajectories can be used to deterarXiv:1811.01269v1 [cond-mat.soft] 3 Nov 2018 mine its hydrodynamic resistance matrix.
9,42 However, the shapes for which this matrix is known constitute only a very small amount of the particle shapes that can be synthesized and that are relevant for research. Even for many rather symmetric basic shapes like spherocylinders and cones, the hydrodynamic resistance matrix is available only in the case of particular aspect ratios of the shape or not at all.
Therefore, in this article, we present the hydrodynamic resistance matrices for various basic particle shapes. For all these shapes, we varied at least one shape parameter so that the elements of the matrices are given as functions of these parameters. The particle shapes we consider include apolar (i.e., with a head-tail symmetry) and polar (i.e., with a broken head-tail symmetry) as well as convex and partially concave shapes. In particular, they are right circular cylinders with plane ends, rectangular cuboids with quadratic cross sections, right circular cylinders with concave and convex spherical ends, right circular cylinders with concave and convex conical ends, hollow and full half balls, hollow and full right circular cones, as well as double-cup shapes with symmetry group C 2h consisting of two hollow or full half balls or right circular cones. We varied the aspect ratios of these particles, the curvature and thus height of the spherical ends, the length of the conical ends, the wall thickness of the hollow particles, and the width of the contact area of the particles that constitute the double-cup particles. The apolar rodlike shapes belong to the most frequently considered anisometric particles, the polar shapes have gained high relevance in the context of selfacoustophoretic particles, 43, 44 and also shapes like that of the double-cup particles that have one plane of symmetry and are chiral with respect to that plane are of interest in current research on soft-matter systems.
12-14,45-49 Our results rely on quite accurate direct numerical solutions of the Stokes equation and shall support future studies on anisometric colloidal particles.
The article is organized as follows: In Sec. II, we present background information on the hydrodynamic resistance matrix and the numerical methods we used for calculating it. The results of our calculations for various particle shapes are presented and discussed in Sec. III. Finally, we conclude in Sec. IV.
II. METHODS
The hydrodynamic resistance matrix H is 6 × 6-dimensional and symmetric. When a particle in an unbounded liquid at low Reynolds number moves with translational velocity v and angular velocity ω relative to the liquid, H allows to determine the hydrodynamic drag force F and torque T acting on the particle. The relation between the force-torque vector F = ( F , T )
T and the translational-angular velocity vector v = ( v, ω)
T is given by 8,11
with the liquid's dynamic (or "shear") viscosity η. From the hydrodynamic resistance matrix of a particle, its 6×6-dimensional short-time diffusion tensor D follows by the generalized Stokes-Einstein relation
Here, β = 1/(k B T ) denotes the inverse thermal energy (also called "thermodynamic beta") with the Boltzmann constant k B and the absolute temperature T . Furthermore, R is a rotation matrix that depends on the orientation of the particle. This matrix maps from the laboratory frame to the particle-fixed coordinate system that has been used when calculating the hydrodynamic resistance matrix H of the particle. Besides the position of the origin and the orientation of the particle-fixed coordinate system, the size and shape of the particle affect the elements of H. Taking its symmetry into account, the hydrodynamic resistance matrix H can be written as the block matrix
The 3×3-dimensional submatrices K, C S , and Ω S correspond to translation, translational-rotational coupling, and rotation, respectively. While the translation tensor K and the rotation tensor Ω S are symmetric, the coupling tensor C S is in general not symmetric. Changing the origin of the particle-fixed coordinate system has an effect on C S and Ω S , but not on K. Therefore, this reference point is denoted by the symbol "S" in C S and Ω S . Throughout this article, we use the center of mass of a particle as its reference point S. When H is known for a certain reference point S, the matrix corresponding to a different reference point P can be obtained by a simple transformation. For this transformation, the submatrices C S = (C S,ij ) i,j=1,2,3 and Ω S = (Ω S,ij ) i,j=1,2,3 corresponding to S need to be replaced by the submatrices C P = (C P,ij ) i,j=1,2,3 and Ω P = (Ω P,ij ) i,j=1,2,3 corresponding to P. The latter matrices are given by
with the Levi-Civita symbol ε ijk , the vector r SP = (r SP,1 , r SP,2 , r SP,3 ) T pointing from S to P, and the unchanged translation tensor K = (K ij ) i,j=1,2,3 .
As a consequence of its symmetry, the matrix H has up to 21 independent elements. Symmetries of the particle shape can reduce the number of independent elements of H.
8 When x is a vector-valued variable that describes a position in three-dimensional space, the shape of a particle can be defined by an implicit function f ( x) = 0. A symmetry transformation given by a rotation, reflection, or combination of both that maps the particle shape and the reference point onto themselves can be represented by an orthogonal matrix A with the property f (A x) = 0. Such a symmetry property leads to the conditions
for the submatrices K, C S , and Ω S , where det(A) denotes the determinant of the transformation matrix A. When a symmetry transformation also maps axes or planes of the particle-fixed coordinate system onto themselves, typical consequences of the symmetry properties of the particle shape are that some elements of the corresponding hydrodynamic resistance matrix H are zero, equal, or additive inverses of each other. This means that for particle shapes with symmetry properties the structure of H can be simplified by choosing the position of the origin and the orientation of the particle-fixed coordinate system appropriately. Since the particle shapes we study in the following have symmetries, we use this feature of H to minimize the number of its elements that have different absolute values. The dependence of the hydrodynamic resistance matrix H on the particle size can be described by the simple scaling relations
with the length scale l. In contrast, the dependence of H on the shape of the particle is complicated. To obtain H for a particular particle shape, we followed the straightforward route described in Ref. 8 . It includes calculating the Stokes flow around the considered particle when it moves through a liquid that is quiescent at large distance from the particle and solving the appropriate integral equations that yield the elements of H. For numerically solving the Stokes equation in a complex three-dimensional domain, we used the finite element method as implemented in the computing platform FEniCS. [50] [51] [52] [53] [54] [55] [56] [57] By setting the corresponding options in FEniCS, we chose the minimal residual method minres as solution method for linear systems of equations and the algebraic multigrid preconditioner amg to precondition the linear systems. 56 We simulated a particle in the middle of a cubic box with edge length 1000σ, where σ was the diameter or width of the particle. At the boundary of the simulation box and at the surface of the particle, we prescribed no-slip conditions. The simulation domain, i.e., the space inside the box except for the particle, was discretized by an unstructured tetrahedral mesh created with the mesh generator Gmsh. 58 This mesh was particularly fine close to the particle. Depending on the particle shape, the mesh included from some thousands to some hundred thousands triangles on the particle surface and a few million tetrahedra outside of the particle (see the Appendix for details).
We calculated the hydrodynamic resistance matrix H for all considered particle shapes, varying one or two shape parameters like the aspect ratio of the particle in small steps over certain intervals. To express the dependence of the elements of H on the shape parameters by approximate analytical functions, we fitted third-order polynomials with the shape parameters as variables to the simulation results. The determined functions are best-fit functions in the least-squares sense. By evaluating these fit functions for particular values of the corresponding shape parameters, values for the elements of H that closely match, interpolate, or extrapolate the simulation results, are obtained. In the case of one varied shape parameter, we used the polynomial
with the fit coefficients a 0 , . . . , a 3 . When two shape parameters were varied, the chosen polynomial was
with the fit coefficients a 0 , . . . , a 9 . To assess the accuracy of the best-fit functions, we calculated the root-meansquare deviation of each fit function from the simulation data.
In the next section, the simulation results for the hydrodynamic resistance matrix are compared to our fit functions and to some available approximate analytical results from the literature. For further comparison, we calculated approximate numerical results for a particle by bead-model simulations with the software HYDROSUB [26] [27] [28] from the program suite HYDRO.
III. RESULTS AND DISCUSSION
A. Right circular cylinder with plane ends and rectangular cuboid with quadratic cross section
We start with a right circular cylinder with plane ends and a rectangular cuboid with quadratic cross section (see Fig. 1a ). The cylinder has rotational symmetry about the x 1 axis and reflection symmetry with respect to the x 2 -x 3 plane. Its shape is therefore "apolar". The cuboid has three pairwise perpendicular planes of symmetry, which are the three coordinate planes here. In addition, it has discrete rotational symmetry of the fourth order with respect to the x 1 axis. As a consequence of these symmetries, the hydrodynamic resistance matrix H is diagonal and has only four independent nonzero elements for both particle shapes. These nonzero elements are K 11 , K 22 , Ω S,11 , and Ω S,22 (see Fig. 1b ). This means that there is no translational-rotational coupling. Our direct simulation results for the nonzero elements of the hydrodynamic resistance matrices of the particles are shown as functions of L/σ ∈ [0. 5, 10] , where L is the length and σ is the diameter or width of a particle (see Fig. 1c ). The corresponding best-fit curves are given by the polynomial (10) with the best-fit values for the coefficients of the polynomial that are given in Tabs. I and II in the Appendix for the cylinder and cuboid, respectively. One can see that the direct simulation results and best-fit curves agree very well. For a given particle diameter or width σ, all nonzero elements of H increase with L/σ. This is reasonable, since with L both the surface of the particle and thus the hydrodynamic drag grow. The curves for cylinder and cuboid are qualitatively similar. However, for the cuboid they are always above and steeper than those for the cylinder. This is consistent with the fact that for given L and σ, the surface of the cuboid is a factor 4/π greater than the surface of the cylinder. For a thin and long cylinder, there are analytic approximations for K 11 , K 22 , and Ω S,22 given by
(12) Figure 1c shows also curves corresponding to these analytic approximations. Their overall agreement with the simulation results is poor. For L/σ 2, the analytic approximations are not applicable. There are strong deviations from the simulation data and even a divergence at L/σ = 1. The analytic approximations are better for L/σ 2. In the case of K 11 , the agreement is quite good. As opposed to this, the analytic approximation for K 22 leads to strongly too large values. In the case of Ω S,22 , the agreement is good for L/σ ≈ 2, but the analytic results are increasingly too small for growing L/σ. For further comparison, we calculated values for the elements K 11 , K 22 , Ω S,11 , and Ω S,22 with the software HYDROSUB. Assuming a cylinder with L/σ = 10, the calculations led to The next particle shapes we consider are right circular cylinders with concave and convex spherical or conical ends (see Fig. 2 ). Both shapes have the same symmetry properties. They have rotational symmetry about the x 1 axis, but no reflection symmetry with respect to a plane perpendicular to their symmetry axis. Therefore, their shape is "polar". Through these symmetry properties, the hydrodynamic resistance matrix H has five independent nonzero elements. These are the elements K 11 , K 22 , C S, 23 , Ω S,11 , and Ω S,22 . Due to the broken reflection symmetry with respect to the x 2 -x 3 plane, the shapes have a translational-rotational coupling described by the element C S, 23 . We calculated the nonzero elements of the hydrodynamic resistance matrices for the two particle shapes as functions of L/σ ∈ [0.5, 10] and h/σ ∈ [0, 5], Fig. 1 , but now for a right circular cylinder with concave and convex spherical or conical ends, diameter σ, length L of the cylindrical part, and cap height h. Here, the nonvanishing elements of K, CS, and ΩS are functions of both L/σ and h/σ and shown for L/σ = 5; the corresponding best-fit curves are given by p2(L/σ, h/σ) with the coefficients from Tabs. III (for spherical ends) and IV (for conical ends). The data for the limiting case h = 0 belong to the cylinder with plane ends from Fig. 1 ; For geometric reasons, the data for the cylinder with concave and convex spherical ends stop at h/σ = 0.5.
FIG. 2. Analogous to
where L is the length of the cylindrical part, σ is the diameter, and h is the height of the end caps of the particle. In Fig. 2 , the direct simulation results and corresponding best-fit curves are shown for fixed L/σ = 5 and variable h/σ. The two-dimensional best-fit curves are given by the polynomial (11) with the best-fit values for the coefficients of the polynomial that are given in Tabs. III and IV for the spherical and conical ends, respectively. Again, the agreement of the direct simulation results and best-fit curves is very good. For given values of the length L and diameter σ, all nonzero elements of H increase with h. This applies to both particle shapes and can be understood from the fact that with h the surface of the particle and thus the hydrodynamic drag grow. The data for the limiting case h = 0, where all nonzero elements of H attain their smallest values, belong to the cylinder with plane ends from Fig. 1 . At h = 0, the curves for the cylinder with spherical ends have thus the same values as the curves for the cylinder with conical ends. For h > 0, the former curves have larger values and are faster growing than the latter curves. This is in line with the fact that for a given diameter σ and nonzero height h, a spherical end has a by a factor 1 + (2h/σ) 2 larger surface than a conical end. Since the spherical ends cannot be higher than a half sphere, the data for the cylinder with concave and convex spherical ends stop at h/σ = 0.5.
C. Half ball and right circular cone
We continue with results for the hydrodynamic resistance matrices of half balls and right circular cones that are hollow or full (see Fig. 3 ). Both the half balls and right circular cones have the same symmetry properties as the polar cylinders from section III B. The shapes considered here are thus polar as well. As a further consequence of the equivalence of the symmetry properties, the hydrodynamic resistance matrix H has the same structure as in the previous section. We studied how the nonzero elements of the hydrodynamic resistance matri- Fig. 1 , but now for a hollow half ball and a hollow right circular cone with diameter σ, height σ/2, and wall thickness w. Here, the nonvanishing elements of K, CS, and ΩS are functions of w/σ; the corresponding best-fit curves are given by p1(w/σ) with the coefficients from Tabs. V (for half ball) and VI (for cone). The data for the limiting case w/σ = 0.5 belong to a full half ball and a full right circular cone.
FIG. 3. Analogous to
ces for the hollow half balls and right circular cones depend on w/σ ∈ [0.05, 0.5], where σ is the diameter and w is the wall thickness of a particle. For equal height-todiameter ratios of half balls and cones, we set the height of the cones to σ/2. The best-fit curves are now given by the polynomial (10) with the best-fit values for the coefficients of the polynomial that are given in Tabs. V and VI for the half balls and cones, respectively. As for the particle shapes studied in previous sections, there is a very good agreement of the direct simulation results and corresponding best-fit curves. The course of the curves is rather simple. For a given σ, all elements of H are nearly independent of w. This means that the hollow particles have nearly the same hydrodynamic resistance matrices as the corresponding full particles, which are obtained in the limiting case w/σ = 0.5. The values of the nonzero elements of H are always larger for the half balls than for the cones. This is consistent with the observation from section III B that the nonzero elements are larger for a right circular cylinder with concave and convex spherical ends than for one with conical ends.
D. Double-cup shapes
Finally, we consider four qualitatively different doublecup particles, each of them consisting of two of the hollow or full half balls or right circular cones from section III C (see Fig. 4 ). All these double-cup particles have the same symmetry properties. That are a reflection symmetry with respect to the x 1 -x 2 plane and a two-fold rotational symmetry with respect to the x 3 axis. The associated symmetry group is therefore C 2h . Owing to these symmetry properties, the hydrodynamic resistance matrix H has eight independent nonzero elements for the double-cup particles. These elements are K 11 , K 12 , K 22 , K 33 , Ω S, 11 , Ω S, 12 , Ω S, 22 , and Ω S, 33 . Although there is no Fig. 3 , but now for double-cup particles consisting of two of the half balls or right circular cones from Fig. 3 . In the case of hollow constituent particles, the width w of their contact area equals their wall thickness. Here, the nonvanishing elements of K, CS, and ΩS are functions of w/σ; The corresponding best-fit curves are given by p1(w/σ) with the coefficients from Tabs. VII (for full half balls), VIII (for full cones), IX (for hollow half balls), and X (for hollow cones).
FIG. 4. Analogous to
coupling of translational and rotational motion, for both types of motion there is a coupling between the directions x 1 and x 2 . This coupling is described by the elements K 12 for translational and Ω S,12 for rotational motion. Figure 4 shows the obtained direct simulation results and corresponding best-fit curves for the nonzero elements of the hydrodynamic resistance matrices of the double-cup particles as functions of w/σ ∈ [0.05, 0.5], where w is the width of the contact area of the two constituent particles. When the constituent particles are hollow, w is also equal to the thickness of their walls. The best-fit curves are given by the polynomial (10) with the best-fit values for the coefficients of the polynomial that are given in Tabs. VII-X for the full half balls, full cones, hollow half balls, and hollow cones as constituent particles, respectively. Also for the double-cup shapes, a very good agreement of the direct simulation results and best-fit curves is visible. The curves are rather straight with only small curvatures. When σ is kept constant and w is increased, K 12 stays nearly unchanged whereas the other nonzero elements of H decrease. This behavior can be observed for all four double-cup shapes. The decrease is in line with the fact that for growing w the size and surface of the double-cup particles and thus the hydrodynamic drag on them decline. Corresponding curves for hollow and full constituent particles are so close that they are difficult to distinguish. This is consistent with related findings for the particles in section III C. In the limiting case w/σ = 0.5, the hollow particles become full and the values of the associated curves become equal. The curves for half balls and cones as constituents look similar, but the curves for the half balls are always clearly above the curves for the cones. Also this is consistent with analogous findings in section III C.
IV. CONCLUSIONS
Based on numerically solving the Stokes equation for low-Reynolds-number flows with the finite element method, we have calculated the hydrodynamic resistance matrices of colloidal particles with various shapes. Since a hydrodynamic resistance matrix describes the shapeand size-dependent hydrodynamic properties of a free or driven rigid particle in a simple liquid at low Reynolds number, this matrix is frequently needed when addressing the Brownian or deterministic dynamics of such a particle by theoretical methods like, e.g., Langevin equations, Smoluchowski equations, and classical dynamical density functional theory for colloidal particles with anisometric shapes. The considered shapes include apolar and polar as well as convex and partially concave ones. They range from apolar rodlike shapes, which are a standard choice when studying nonspherical particles, to more complex shapes with particular symmetry properties that have gained increasing attention in recent years. [12] [13] [14] [43] [44] [45] [46] [47] [48] [49] The presented results are quite accurate and well in line with available analytical and numerical comparative data. We therefore believe that this work will stimulate and support a lot of future studies that focus on the dynamics of anisometric colloidal particles. Among the expectable future applications of our results are Brownian dynamics simulations of passive and active colloidal liquid crystals, where the hydrodynamic resistance matrix of the colloidal particles is needed to simulate their Brownian motion correctly.
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There are no conflicts of interest to declare. The best-fit values of the coefficients of the functions (10) and (11) , which describe the nonzero elements of the hydrodynamic resistance matrix (3) as functions of one or two shape parameters, respectively, are listed in the following tables for all considered particle shapes. In addition, the root-mean-square deviation of the underlying fit is given for each set of coefficient values. The data correspond to particles with their centers of mass as reference points and with their orientations as shown in Figs. 1-4 . For an easier use of the data, they are also available as a supplementary spreadsheet file. . 1a ). Depending on the aspect ratio L/σ, the results were obtained using a mesh with 1.46 × 10 4 to 2.07 × 10 5 triangles representing the particle surface and 2.44 × 10 6 to 3.02 × 10 6 tetrahedra in the domain outside of the particle. TABLE II. Analogous to Tab. I, but now for a rectangular cuboid with quadratic cross section, which has width σ and length L (see Fig. 1a ). The used mesh included 6.98 × 10 3 to 8.03 × 10 4 triangles on the particle surface and 3.26 × 10 6 to 3.56 × 10 6 tetrahedra outside of the particle. Best-fit coefficients of the function p2(L/σ, h/σ) with fit ranges L/σ ∈ [0. 5, 10] and h/σ ∈ [0, 5] as well as the corresponding root-mean-square deviation (RMSD) for each nonzero element of the hydrodynamic resistance matrix H of a right circular cylinder with concave and convex spherical ends, which has diameter σ, length of the cylindrical part L, and cap height h (see Fig. 2a ). Depending on L/σ and h/σ, the results were obtained using a mesh with 1.46 × 10 4 to 2.14 × 10 5 triangles representing the particle surface and 2.44 × 10 6 to 3.66 × 10 6 tetrahedra in the domain outside of the particle. 
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TABLE IV. Analogous to Tab. III, but now for a right circular cylinder with concave and convex conical ends, which has diameter σ, length of the cylindrical part L, and cap height h (see Fig. 2a ). The used mesh included 1.46 × 10 4 to 2.80 × 10 5 triangles on the particle surface and 2.44 × 10 6 to 3.24 × 10 6 tetrahedra outside of the particle. TABLE V. Best-fit coefficients of the function p1(w/σ) with fit range w/σ ∈ [0.05, 0.5] and the corresponding root-mean-square deviation (RMSD) for each nonzero element of the hydrodynamic resistance matrix H of a hollow half ball, which has diameter σ and wall thickness w (see Fig. 3a ) and becomes a full half ball in the limiting case w/σ = 0.5. Depending on w/σ, the results were obtained using a mesh with 6.54 × 10 4 to 8.21 × 10 4 triangles representing the particle surface and 2.25 × 10 6 to 2.81 × 10 6 tetrahedra in the domain outside of the particle. TABLE VI. Analogous to Tab. V, but now for a hollow right circular cone, which has diameter σ and wall thickness w (see Fig. 3a ) and becomes a full right circular cone in the limiting case w/σ = 0.5. The used mesh included 5.24 × 10 4 to 5.91 × 10 4 triangles on the particle surface and 2.29 × 10 6 to 2.40 × 10 6 tetrahedra outside of the particle. TABLE VII. Analogous to Tab. V, but now for a double-cup particle consisting of two half balls, which have diameter σ and width of the contact area w (see Fig. 4a ). The used mesh included 1.14 × 10 5 to 1.30 × 10 5 triangles on the particle surface and 2.59 × 10 6 to 2.80 × 10 6 tetrahedra outside of the particle. TABLE VIII. Analogous to Tab. V, but now for a double-cup particle consisting of two right circular cones, which have diameter σ and width of the contact area w (see Fig. 4a ). The used mesh included 8.77 × 10 4 to 1.03 × 10 5 triangles on the particle surface and 2.31 × 10 6 to 2.51 × 10 6 tetrahedra outside of the particle. TABLE IX. Analogous to Tab. V, but now for a double-cup particle consisting of two hollow half balls, which have diameter σ and wall thickness w (see Fig. 4a ). The used mesh included 1.14 × 10 5 to 1.65 × 10 5 triangles on the particle surface and 2.59 × 10 6 to 3.99 × 10 6 tetrahedra outside of the particle. TABLE X. Analogous to Tab. V, but now for a double-cup particle consisting of two hollow right circular cones, which have diameter σ and wall thickness w (see Fig. 4a ). The used mesh included 8.77 × 10 4 to 1.17 × 10 5 triangles on the particle surface and 2.31 × 10 6 to 2.57 × 10 6 tetrahedra outside of the particle.
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